We discuss the possible factorization of the tensor asymmetry A T d measured for polarized deuteron targets within a relativistic framework. We define a reduced asymmetry and find that factorization holds only in plane wave impulse approximation and if p-waves are neglected. Our numerical results show a strong factorization breaking once final state interactions are included. We also compare the d-wave content of the wave functions with the size of the factored, reduced asymmetry and find that there is no systematic relationship of this quantity to the d-wave probability of the various wave functions.
I. INTRODUCTION
The d-wave contribution to the deuteron has been a matter of interest since it was first determined that such a contribution is responsible in large part for the quadrupole moment of the deuteron. Early calculations of the deuteron wave function including the tensor force needed to produce the d-wave admixture resulted in a considerable range of values for the d state probability. Eventually it was argued that the d-wave contribution was not a physical observable [1] [2] [3] [4] .
The argument for this depends on the realization that there are two different distances which need to be used in the analysis of deuteron observables [2] [3] [4] . First it should be noted that the physical observables for a reaction are matrix elements that involve the measurement of the values of the initial and final states at distances that are very large. Here, very large means very large compared to the size of the region in which the constituents of the deuteron interact to provide the initial and final states where all particles are onshell. All quantities that only involve measurement at these large distances are "outside" quantities while the details of the quantities within the interaction region are "inside" quantities. The "inside" quantities generally involve contributions that are either off mass shell or off energy shell depending on the method used to calculate the matrix element. The "inside" quantities include wave functions and transition operators which produce the asymptotic final state from the asymptotic initial state. The "inside" quantities are not, in general observables.
Consider the case of the matrix element for deuteron electrodisintegration
where the final state consists of a proton of momentum p 1 and spin s 1 and a neutron of momentum p 2 and spin s 2 . The initial state consists of a deuteron with momentum P and helicity λ d . The four-vector current operator for four-momentum transfer q is J µ (q). In general this contains both one-and two-body contributions. Defining a unitary transformation U which is effective only in the "inside" region, the matrix element (1) can be rewritten as
The value of the matrix element is not changed by the unitary transformation, but the initial and final states and the current operator are each modified.
Two examples of the kind of unitary transformation that can be used in this context: the first of these is the use of field redefinition in effective Lagrangians that are used to model the N N interaction and electromagnetic currents [2, 5] . For example such definitions can change the relative size of pseudoscalar and derivative couplings for the interaction and therefore change the size of the deuteron d-state and the current operator.
The second type of unitary transformation is to use the renormalization group [6] [7] [8] [9] to reduce the relative momentum that can contribute to interaction. This acts as a cutoff that limits the range of the tensor force in the calculation of wave functions while transferring higher momentum contributions to the current operator. In fact, almost any unitary transformation that acts only on the "inside" region can be used to redistribute strength between the wave functions and current operator. This means that the definitions of wave functions and current operators are not unique and therefore the d-state component of the deuteron is not a unique measurable quantity.
The one "outside" quantity which can be identified with the d-state is the asymptotic d to s ratio [3] which measures the relative size of the two contributions outside of the interaction region and can be determined by extrapolating the scattering matrix for nucleon scattering from a tensor-polarized deuteron to an unphysical region.
One possible approach that might allow for the determination of some information about the d-state would be if some region of kinematics could be found where the sensitivity to the components of the current operator and to the final state interactions are negligible.
This would lead to the factorization of the polarized deuteron cross sections into an effective single nucleon part and various polarized momentum distributions. Appropriate ratios of the cross section can then be defined where the single-nucleon cross sections cancel and only a ratio of momentum distributions remains. The objective of this paper is to address the feasibility of such a process using a variety of modern high quality wave functions, a selection of single-nucleon electromagnetic form factors, and two different parameterizations of the final state interactions. The calculations presented here may provide some guidance for future experiments [10] .
The paper is organized as follows: first, we briefly review the general formalism necessary to calculate response functions for polarized targets, and the definitions of the asymmetries that can be measured for polarized targets and beams. Then, we carefully discuss under which conditions the factorization of the tensor asymmetry may arise in a fully relativistic framework, and which form the asymmetry A T d takes when it holds. In the next section, we present our numerical results, in a kinematic region relevant to experiments at Jefferson Lab. We show the influence of the different model inputs on the calculations. With final state interactions included, factorization breaks. We conclude with a brief summary.
II. FORMALISM
We present a brief review of the formalism for calculating the differential cross section, response functions, and asymmetries for target polarization. For a complete discussion, the reader is referred to [11] .
A. Differential Cross Section
The standard coordinate systems used to describe the D(e, e p) reaction are shown in Fig.1 . The initial and final electron momenta k and k define the electron scattering plane and the xyz-coordinate system is defined such that the z axis, the quantization axis, lies along the momentum of the virtual photon q with the x-axis in the electron scattering plane and the y-axis perpendicular to the plane. The momentum p of the outgoing proton is in general not in this plane and is located relative to the xyz system by the polar angle θ p and the azimuthal angle φ p .
The general form of the 2 H(e, e p) cross section can be written in the lab frame as [12, 13] 
where M d , m p and m n are the masses of the deuteron, proton and neutron, p p = p 1 and Ω p are the momentum and solid angle of the ejected proton, is the energy of the detected electron and Ω e is its solid angle, with h = ±1 for positive and negative electron helicity.
The Mott cross section is
and the recoil factor is given by The hadronic tensor for scattering from polarized deuterons is defined as
The notation (−) in the final state indicates that the state satisfies the boundary conditions appropriate for an "out" state. The deuteron density matrix in the xyz-frame is
and the set of tensor polarization coefficients is defined as
with U designating the contribution from unpolarized deuterons. The kinematic factors v i and the polarized response functions are listed in Appendix A for convenience.
The expressions above assume that the deuteron target is polarized along the direction of the three momentum transfer q which is defined as the z-axis as defined in Fig. 1 .
However, since this would require realignment of the target polarization for each value of q, experiments are performed with the deuteron polarization generally fixed along the direction of the electron beam defined by k. This involves a right-handed rotation of the deuteron density matrix about the y-axis through the angle between q and k denoted by θ kq resulting in a new set of polarization coefficients T JM . This rotation is described in detail in Appendix B. Equation (B8) relates T JM to T JM .
B. Asymmetries
Conventionally, target polarization in deuteron electrodisintegration is measured in terms of four single asymmetries
Here R i ( T 10 ) and R i ( T 20 ) denote the response functions where only T 10 is nonzero or only T 20 is nonzero. R i (U ) denotes the unpolarized response functions. In (9) the superscripts V and T refer to vector and tensor polarizations. The subscript d indicates that all of these asymmetries are defined for polarized deuterons. The subscript e denotes the case where the electron beam is also polarized.
C. Factorization
The Feynman diagrams representing current matrix element deuteron electrodisintegra- The plane wave contribution to the current matrix element represented by Fig. 2(a) can then be written as
where the nucleon propagator is
and the one-body nucleon electromagnetic current operator is chosen to be of the Dirac-
The deuteron vertex function with particle 2 onshell, as required by Fig. 2(a) is shown in 
where ξ λ d (P ) is the deuteron polarization four-vector, C is the charge conjugation matrix and the invariant functions g i (p 2 2 , p 2 · P ) are given by
where
is the relative momentum of the nucleons in the rest frame of the deuteron and
Here u(p) is the s-wave radial wave function, w(p) is the d-wave radial wave function and v s (p) and v t (p) are singlet and triplet p-wave radial wave functions.
It is convenient to define a half-offshell wave function as
We choose to normalize this wave function such that in the deuteron in any frame
which is correct only in the absence of energy-dependent kernels. This results in the normalization of the radial wave functions in the deuteron rest frame being
In the deuteron rest frame we choose the four-momenta such that
The four-momentum of the struck nucleon is given by
is onshell and
The offshell contribution to the momentum of struck nucleon is
The PWIA response tensor is then
where the momentum distribution operator is given by
The deuteron density matrix can be written as
where T 00 = 1 and the matrices τ JM are defined as
Note that these matrices are all hermitian. The polarization coefficients can be extracted from the density matrix using
Using (37), (38) and (41),the momentum distribution operator can be written as
This is an operator in the four-dimensional Dirac spinor space and can be expanded in terms of gamma matrices such that for J = 0 or J = 2,
and for J = 1
and
is the spin-four vector for rest-frame spin aligned alongp.
The nine momentum distributions are given by
n 00
If the p-waves are neglected then Ψ 2 → 0 and Ψ 4 → 0. The momentum distributions then simplify to
These can be rewritten in terms of u and w using
These are in agreement with the usual nonrelativistic polarized momentum distributions up to a factor determined by our choice for the normalization of the wave functions [14, 15] .
Since all of the momentum distributions are now the same for each J and M , these can now be factored out and leave the combinations of operators
for J = 0, 2 and
for J = 1.
The factored cross section can then be written as
where the effective reduced single-nucleon response functions are listed in Appendix C and are related to the conventional deForest CC1 prescription [16] up to normalization factors. (1 − cos 2θ kq )
where the factored effective single-proton cross section is canceled since it is the same for both the numerator and denominator. The angular factor is defined as
(1 + 3 cos 2θ kq )(1 + 3 cos 2θ m ) − 3 sin 2θ kq sin 2θ m cos φ
If we define a reduced tensor asymmetry as
Then the factored reduced tensor asymmetry is
independent of all kinematical variables except the missing momentum p.
In Section III, we investigate numerically the behavior of the reduced asymmetry when it is calculated using final state interactions, and various versions of commonly used wave functions and form factor parameterizations. We will observe there that factorization breaks down, and that the use of (73) is unrealistic. AMT [26] MMD [27] IIB [28] WJC 1 [29] WJC 2 [29] AV18 [30] CD Bonn [31] NIMJ 1 [32] NIMJ 2 [32] NIMJ 3 [32] III. RESULTS
Independent of the dynamical model for the description of the H 2 (e, e p) reaction, every calculation needs a wave function, nucleon form factor parametrizations, and nucleonnucleon amplitudes as inputs. We list the model inputs used in our calculations in Table I .
The reasons for these choices are discussed in more detail in [17] .
We start out by showing the influence of the different wave functions on the factored, reduced asymmetry a T d as defined in eqn. 73 in Fig. 4 . Note that the factored, reduced asymmetry does not depend on the nucleon form factors, so the only model input necessary is the wave function. For missing momenta larger than 0.3 GeV, the curves start to deviate from each other, and they fan out considerably for p m ≈ 0.6 GeV and larger. Most wave functions lead to similar asymmetries, with the exception of the CD Bonn that has a slightly different shape, peaking at high p m , and the Nijmegen 3 wave function that leads to the lowest values for the factored, reduced a We remark in passing that the differences between PWIA and PWBA calculations for the same choice of model inputs is tiny. The difference is apparent in the numbers, but does not show up on a plot of the scale we use for the figures in this paper. The use of different form factor parametrizations in PWBA leads to a relatively larger, but absolutely still very small difference that is not visible at the scale used.
The difference between the PWBA and the factored version of the PWBA, which excludes p-waves, is small but visible at medium and high missing momentum when plotted for relativistic wave functions. The non-relativistic wave functions still show a difference between factored and unfactored PWBA, but this is tiny as it is practically the difference between PWIA and PWBA.
In Fig. 5 we show the envelopes for the PWBA and FSI calculations for x = 1.00. The differences in the PWBA calculations mainly stem from the different wave functions used, and the PWBA envelope shown mainly corresponds to the PWIA curves of Fig. 4 . Once FSIs are included, the asymmetry changes shape, and the dip moves to lower values of the missing momentum, as observed already in [11] . For FSI, the different model inputs now lead to a significant spread for missing momenta above 0.35 GeV, as well as in the dip of the asymmetry at lower p m . For high missing momentum, the uncertainties introduced by the model inputs in FSI are more than twice as large as for PWBA.
We now consider kinematics at x = 1.35, away from the quasi-elastic peak. Our results are shown in Fig. 6 . As for x = 1.00, the FSI calculation envelope shows a much larger spread due to the model inputs than the PWBA envelope, in particular for missing momenta larger than 0.7 GeV. While in the factored version of the calculation, i.e. in PWIA without p-waves, the results are completely independent of x, it is obvious from comparing Fig. 5 and Fig. 6 that FSIs introduce a quite drastic dependence on kinematic variables beyond the missing momentum.
IV. SUMMARY AND OUTLOOK
In this paper, first we considered the tensor asymmetry A T d within a relativistic framework. We investigated the conditions under which this asymmetry can be factored. We defined a reduced asymmetry a This is consistent with [11, 33] .
We also have demonstrated numerically that find that there is no systematic relationship of form of (a Our results imply that extracting any information on the d-wave content of the wave function -which is, after all, not an observable -from the tensor asymmetry A T d will require an extremely careful treatment of the reaction dynamics, and will carry a theoretical uncertainty due to the many, equally valid model inputs necessary. The kinematics at large x and medium values of p m might be best suited to any such attempt.
The response functions in the xyz-frame are given by 
